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We are concerned here with hyperbolic equilibrium points of nonlinear 
autonomous neutral functional differential equations (NFDE). Our main 
result consists in proving that, in a Baire metric space &r whose elements are 
NFDE's, the subset of equations which admit only equilibrium points of 
hyperbolic type is residual in f .  
l .  DEFINITIONS AND STATEMENT OF RESULTS 
We follow the notation and terminology introduced by Hale [1]. 
Let us fix a nonnegative real number r and a n-dimensional vector space E ~ 
with norm ] • I. 
Let C be the space of continuous functions ~/, from [--r ,  0] into E ~, endowed 
with the uniform norm [6 1 ~ max{] ¢(0)I : - - r  ~ 0 ~ 0}. 
For any continuous function x: I -+ E n, I C ~ an interval, and any t ~ I v~ 
(I  + r), we denote by x, the element of C given by xt(O) = x(t -~ ~), - - r  ~ ~ ~ O. 
An autonomous functional differenti M equation is a relation of the form 
d 
d-t D(x,) = f (x , ) ,  (1) 
where D and f are continuous functions from C into E ~. 
I f  D is continuously differentiable on an open Set f2 C C and, for any 6 6 sQ, 
D'(~) is atomic at zero, according to the definition below, we say that (1) is a 
neutral functional differential equation on [2. 
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According to the Riesz Representation Theorem [see 8], D'(¢) can be written 
in the form 
D' (¢) .  ¢ = A¢(0)  - -  y~ A(O) ¢(0) - -  B(O) ¢(0) aO 
- - r~o<o ~" 
t l  _ ~ 
for all ~b 6 C, where A, A(0), B(O) and S(O) are n ;< n matrices, depending on q~ 
which can be chosen to satisfy the following properties: 
(i) (A(0), - - r  ~< 0 < 0) is absolutely summable in £°(E~) and 
lim ~, [A(0)I : 0; 
e$0 --e<0<0 
(ii) B: [--r, 0] --~ 5f(E ~) is Lebesgue-integrable on [--r, 0]; 
(iii) S is a continuous, bounded-variation function from [--r, 0] into 
£f(E ~) whose derivative is zero almost everywhere. 
By definition, D'(¢) is atomic at zero if A is invertible. 
We restrict ourselves to equation (1) in which: 
(a) A =/ ,  the identity matrix; 
(b) The functions ¢ ~-. g(¢)_aa 6(0) -- D(¢) and f belong to the space ~" 
of bounded Cl-functions from C to E% with bounded Fr6chet-derivatives, 
with the norm ] f  J1 = sup{JffJ)(¢)l : ¢c  C, j  = O, 1}. 
We shall refer to equation (1) as NFDE(g , f )  or simply (g , f )  and put 
I(g, f)[ = [g ls q - I f  I1. It can be useful to mention that g'(¢) is nonatomic 
at 0, for any q~ e C. 
It is easy to see that the set of all g in the above conditions is a closed subspace 
..¢" of~- .  
The next two theorems belong to the fundamental theory of the NFDE's:  
TI~EOl~M 1. For any NFDE(g, f )  ~ ,f" × ~" and any ~ E C, there exists 
a unique continuous function x: I--r, ~) -~ E% 0 < ~ <~ q-oo such that 
(1) x o = ¢ i.e., x(O) = ¢(O)for O~ [--r, 0]; 
(2) x satisfies (1) on (0, a), i.e., the application t ~ (0, ~) ~ x(t) --  g(x~) ~ E ~ 
is continuously differentiabIe and d/dt[x(t) - -  g(x,)] = f (x,)  for all t e (0, a); 
(3) I f  y: I--r, fl) --+ E n satisfies (I) on (0, fi) and y o -~ ¢ then fi <~ ~ and 
y = x f r -~,B)  • 
We denote this unique function by x($, g, f )  and call it the solution of the 
initial value problem which consists of the imposition of equation (1) and the 
initial condition x o = q~. 
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THEOREM 2. Under the same hypotheses a in Theorem 1, for any fixed 
t ~ (0, c O, there exists p > 0 such that for all NFDE(~, f )  c ,A r C , f  and all 
~ c,  I g - g L1 < p, I f -  f I~ < p and I 4 -- ~ t < p, the soh, tion of the 
initial value problem 
d 
d-t [x(t) - -~(xt)  ] = f(x,), t > 0 
X 0 ~---~. 
is defined on [0, t], and the application 
(~, ~, Z)) ~+ x,(~, ~, y)) 
is of class C 1. The partial derivative (9/04) x,(4, g, f )  is given by 
~ x,(4, g, f )  A4 ~- Ax, , 
where Ax denotes the solution of the linear homogeneous initial value problem 
which consists of initial condition Ax o = A 4 and the variational equation of (1) 
along the solution x(4>, g, f),  i.e., 
d lAx(t) -- g'(xt). Ax,] = f'(x,)" Ax,, 0 < t < c~. 
dt 
Given a NFDE(g,  f )  e W × ~,  for any 4 ~ C we denote by 7+(4) the positive 
semi-orbit hrough 4, that is, 7+(4) = {x,(4, g, f )  : t > 0}. 
It is easy to see that •+(4) = {4} if and only if 4 is constant and f(4)  -- 0. 
We shall identify E n with the subset of all constant functions and call any 
q~ ~ E n such that f (4)  = 0 an equilibrium point of NFDE(g,  f ) .  This set does not 
depend on g. 
Let f  denote the restriction o f f  to E n. 
An equilibrium point a ~ E ~ of a NFDE(g,  f )  is called nondegenerate if f ' (a)  is 
invertible; a is called hyperbolic if, for some t > 0 the spectral set a((~/~4) × 
x,(a, g, f))  of (~/a4) x,(a, g, f )  is disjoint from S 1, the unit complex circle. 
It  is obvious that a nondegenerate equilibrium point is isolated. 
We shall find a subclass f of W × ~ such that (i) 5~ is a Baire space; (ii) in 
the class f ,  the concept of hyperbolicity does not depend on time t and is charac- 
terized in terms of the roots of the characteristic equation of the variational 
equation around the equilibrium point. 
A functional D(4 ) : 4 (0 ) -  g(4) will be called admissible if there exist 
constants a > 0 and b > 0 such that, for any 4 E C, 
l Re ~ I < a ~ I h(A)l ~> b, 
where h(A) ----- ha,t,)(A ) is the determinant of the matrix 
H(a) : s -  Z ~(0)w. 
-r<O<O 
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Let 9U ~ {g e JV" : V¢ e C, the singular part S in (2) is identically zero}, 
let ~t ° = {g ~ s(( : the functional ¢ ~ ~(0) --  g(¢) is admissible} and let 
5f----Yg x ~,~. 
The class f includes ordinary differential equations, retarded equations and 
difference quations. The scalar equation 
d [x(t) - -  A 1 sin x(t -- rx) --  A z sin x(t -- r~)] = sin x(t) 
belongs to 5f if I Aa I + ] A21 < 1, but does not belong to if A1 = Ae ---- --1, 
r---- l andr  2=~r .  
THEOREM 3. 3U is closed in ,V', Y f  is open in ~" and hence f is a Baire space. 
THEOI~M 4. Suppose NFDE(g,  f )  ~ Y and a is an equilibrium point of (g, f ) .  
Then a is hyperbolic if  and only if no root of det A00 ---- 0 belongs to the imaginary 
axis, where A()t) -= ~[ I -  g'(a)(ea.I)] --f'(a)(ea.l). We note that every hyperbolic 
point is nondegenerate since f'(a) ~- --A(O). 
We now state the generic results. 
For each N -= 1, 2, 3 .... let f~o(N) be the set of all NFDE(g,  f )  ~ f whose 
equilibrium points are contained in the ball BN z {a ~ E ~ :[ a l<~ N} are 
nondegenerate and let f#I(N) ---- {(g, f )e  f : (g, f )  admits in B u only hyper- 
bolic equilibrium points}. 
THEOREM 5. ~o(N) is open in ~ and fCl(N) is open in ~o(N). 
THEOREM 6. ~0(N) is dense in f and (Yl(N) is dense in go(N). 
or3 
Setting ~1 ~ NN=I fYl(N) we can say that (~1 is a residual subset of :L e or, 
in other words, that the property "... admits only hyperbolic equilibrium points" 
is generic in £r. This extends, for NFDE 's  defined on E ~, a result of Oliva [6] 
for RFDE's  defined on compact manifolds. 
2. PROOF OF THE RESULTS 
THEOREM 1. See [1] and [2]. 
THEOREM 2. Let F: C × ~/" × ~ × C([--r, t], E n) ~ C([--r, t], E n) 
defined by 
F(¢, g, f, x)(s) = ¢(s) - -  x(s) if s e [--r ,  0], 
f = ¢(0) - -  x(s) + g(xt) --  g(xo) + f (x , )  dz, 
if se [0 ,  t]. 
be 
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We know that F(q~, g, f, x(~, g, f))  = 0 and it is easily seen that F is C a and 
that, using the Existence and Uniqueness Theorem for linear nonautonomous 
NFDE's [see 2], (aF/ax)(d?, g, f ,  x(~, g, f))  is an isomorphism from C([--r, t], E n) 
onto itself. Then, we can apply the Implicit Function Theorem to conclude the 
proof. 
THEOgEM 3. J{" is closed in JV: I f  gk ~ X and gk -+ g ~ JV, then for any 
q5 ~ C, g'~((~) --~ g((~) in c~f(C, E"). This implies that Var[Sg~(~)], which is zero by 
hypothesis, converges to Var[S¢(~)] as k ~ c~, and thus Sg,(~)= O. Hence, 
JY# is closed in ~ and JY# is a complete metric space. 
is open in J r :  Let g ~ £~f and let a and b be constants uch that for any ~ ~ C, 
I hg,(,)(h)l >~ b if ] Re A I ~ a. 
Let ~ ~ ~U and I g -- g I < ~. We have, for I Re A I ~ a and any ~ ~ C: 
and 
[ hr(o)(A)[ ~ [ h¢(o)(A)( - -  [ hr(~)(¢) - -  ho'(~)(A)l 
I ,%'(~)(A) - Ho,(o)(a)l ~ e°~.~.  
Since the determinant is a continuous function, we can take c small enough 
in order to 
b 
and thus, [ hg,(,)(A)[ >/b/2. This shows that ~ is open in d and hence ~e is 
a Bake space. 
THEOREM 4. Let D°($) = q~(O) -- ~-r<o<o A(O) ~(0), let C O be the null space 
of D O and let T°(t) be the solution operator of d/dt D°(xt) = O, x o ~ C °. Since 
limE+o Z-,~<0<0 [ A(O)I = O, we can construct a n × n matrix q) = (6i~), with 
6ij ~ C([--r, 0], E 1) such that D°(q)) is the identic matrix. Let E ° be the projection 
of C onto C O given by E°(O) = q~ -- q) . D°(q~) for all 6 ~ C. 
By [3], ext/~O (a, g, f )  - -  T°(t)E ° is compact and, since D is hyperbolic, by 
a theorem on perturbation ofspectrum [4, pag. 22], we can find an open annulus 
R containing S1 such that all elements of R n =((e/e¢) x,(a, g, f)) are normal 
points, that is, isolated eigenvalues of finite algebraic multiplicity. By [2], the 
point spectrum of 0[~ x,(a, g, f )  is the set (eat; det A(A) = 0}, plus possibly 0. 
The theorem now is evident. 
THEOm~M 5. We show that the complement of ~0(N) is closed in Y£ and the 
complement of ~I(N) is closed in (Co(N). 
5o5/31/3-4 
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(i) I f  (g,~, f,~) ~ No(N ) and (g,~, f,~) --~ (g, f )  then there exists a~,~ B u 
such that f~(a~)= 0 and det f~(a ,~)= 0. Since B u is compact we can find 
a subsequence (am) which converges to an element a E B2v. Then, f (a)  = 
limf~,~(a~.) = 0 and f ' (a )= l im~. f~(a~)= O, and thus, a is a degenerate 
equilibrium point of (g, f ) .  
(ii) I f  (g,. , f~) 6 N~(N) and (g~ , f~,) -+ (g, f )  ~ No(N ) then, there exist 
a .... a ~ BN and ~ ~ N such thatf~(a.~) = 0 lim.~k~ am = a and det A(iA~) = O. 
We prove that (1.~) is bounded. For A =/: O, 1 real we have: 
A~(iA) 
ih -- ~_ Bm(O)d a° dO 
-f<~O<O r 
O eiA° 
- dov.~(O) ia 
where %~ is the bounded-variation matrix corresponding to f~(a~). 
For any A ~ ~, the matrix I -  ~-r<0<o A~(O) eiae is invertible since D is 
admissible. By the Riemann-Lebesgue L mma, 
f_° Bm(O)#a° -+ as ! I ~ ov dO 0 
and 
This shows that (A~.) is bounded and then we can take a subsequence (A.~) 
convergent to A c N. 
Since A,.(A) -*  A(A) over any compact subset of the complex plane, it follows 
that det A(iA) = 0 and a is a nonhyperbolic equilibrium point of (g, f ) .  
THEOREM 6. We prove density in a similar way as that used in [6] and [5]. 
We first prove that No(N ) is dense in ~.  This has the objective to isolate all critic 
points. 
(i) Given (g, f )  ~ d and E > O, take c~ ~ E n such that c~ is a regular value 
o f f  with norm less than ~. Then, (g , f  --  c~) ~ fYo(N) for any N and ](g, f - -  c~) - -  
(g, f ) i  = l e~ I < ~.  
(ii) Given (g, f )~  ~o(N) it is easy to see that there exists only a finite 
number al ,..., a~ of equilibrium points of (g, f )  in B N . Let us suppose that p = 1. 
The proof for the case p > 1 is analogous. 
As in Theorem 4, we take an open annulus R, R D S 1, such that 
f)) R~(~ \~ (ai,g, 
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is a finite set whose elements are of the form e a~ with A satisfying the characteristic 
equation det A(A) = 0. 
We shall find a NFDE(g~, fi), (g,, f i ) -~ (g, f )  as e + 0, admitting in B~ 
only the same equilibrium point a l ,  and for which the characteristic equation 
is given by det A(A + E) ~- 0. It is evident that if we take e sufficiently small 
then (g~, f~) ~ ~(N) .  
Take S > 0 such that for all h, ] h - - f l l  < 8, and all v ~ B N , I v - -  a 1 I < 8, 
we have ]i(v) is invertible. Let G: E ~ --+ E ~ be a Cl-function with the properties 
G(0) = 0, G'(O) = I and supp G C B(0, 8). Let I G I~ = sup{I G(S~(v)[ : v ~ E ~, 
j=O,  1}. 
For each e > 0 and any ¢ ~ C let 
e," - l ,¢ 
g~ = g + Ag and f ,  = f 4- Af. 
We have lag[1 ~emax{IG I l , rG I l lg l l " r}  and ]Af[1 ~elG l~ (1 4- 
I g 11 @ r J f I1). Then, (g~, f~) -+ (g, f )  as e 6 0. 
Take e < 8/(r I l l  4- I* I). If v~Bx and v 6B(al,  8) then f~ =f  and if 
v ~ B(al, 8), f is injective. Then, al is the unique equilibrium point of (g~, f~) 
in By.  
Since the variational equation of (g,, f~) around al is given by 
d__ [Ax(t) -- (g'(al)e ~') Ax,] 
dt 
= (f'(al)e~')Axt + e[--Ax(t) 4- g'(al)(e~'Ax)], 
the corresponding characteristic equation is given by detA(A 4- c )= 0 and 
the theorem is proved. 
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